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Abstract
In general, element splitting operation on a matroid M with ground set
E is the operation defined by creating a single element coextension of
M by adding an element x that creates a cocircuit with T ⊂ E which
is not a cocircuit of M . And then deletion of x from this coextension
gives a T -split of M denoted by MT . Note that T -split of M may not
preserve the n-connectivity of the matroid M . The present paper defines
related notion of element splitting operation for matroids representable
over GF (p) which preserves the n-connectivity of the matroid and charac-
terizes circuits, bases and hyperplanes of the resulting matroid. The effect
of this operation on Eulerian, bipartite and connected matroids which are
representable over GF (p) is also studied.
AMS Subject Classification: 05B35; 05C50; 05C83.
Keywords: p-matroid; element splitting operation; connectivity, Eulerian ma-
troid.
1 Introduction
In general, if M is a matroid on ground set E and T ⊂ E is not a cocircuit of
M then T -split of M is the operation defined by first creating a single element
coextension of M by adding an element x that creates a cocircuit with T , and
then deleting x from this coextension; this matroid is denoted byMT . Note that
the coextension obtained in the process is known as element splitting matroid
and it is denoted by M ′T .
Throughout this paper, we discuss loopless and coloopless p-matroids, by
p-matroid we mean a vector matroid M ∼=M [A] for some matrix A over a field
F = GF (p). A splitting operation for an arbitrary set of elements in a p-matroid
is defined by Malavadkar [7] as follow.
Definition 1.1. Let M ∼= M [A] be a p-matroid on ground set E and T is a
subset of E. Let AT be the matrix obtained from A by adjoining an extra row
to A with this row being zero everywhere except in the columns corresponding
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to the elements of T where it takes the non zero value α ∈ GF (p). The α-
splitting matroidMT is defined to be the vector matroid of the matrix AT . The
transition from M to MT is called an α-splitting operation.
Remark 1.2. When p = 2, the α-splitting operation coincide with generalized
splitting operation for arbitrary set of elements in a binary matroid (see [11]).
And if |T | = 2, it is nothing but the splitting operation for binary matroids (see
[9]).
This paper defines an α-element splitting operation for matroids which are
representable over the field GF (p), where p is prime number is defined as follow.
Definition 1.3. Let M be a p-matroid on a set E and A be a matrix over
GF (p) that represents the matroid M. Suppose that T is a subset of E(M).
Let A′T be the matrix that is obtained by adjoining an extra row to A with this
row being zero everywhere except in the columns corresponding to the elements
of T where it takes the non zero value α ∈ GF (p) and then adjoining an extra
column (corresponding to a) with this column being zero everywhere except in
the last row where it takes the value α. Suppose M ′T be the vector matroid of
the matrix A′T . The transition from M to M
′
T is called the α-element splitting
operation.
Remark 1.4. Observe that rank(A) ≤ rank(A′T ) ≤ rank(A) + 1. Let r and
r′ be the rank functions of M and M ′T respectively, then r(M) ≤ r
′(M ′T ) ≤
r(M) + 1.
Remark 1.5. When p = 2, the α-element splitting operation coincide with
generalized element splitting operation for arbitrary set of elements in a binary
matroid. And if |T | = 2, it is nothing but the element splitting operation for
binary matroids (see [1, 12]).
In the next section we intend to discuss properties of α-element splitting
operation for p-matroids. In Section 3, we examine the effect of α-element
splitting operation on connectivity of a p-matroid. Necessary and sufficient
condition for a α-element splitting martoid to be Eulerain is provided in Section
4. For undefined, standard terminology in graphs and matroids, see Oxley [8].
2 Properties of α-Element Splitting operation
LetM be a loopless and coloopless p-matroid and T ⊂ E(M). The set of circuits
ofM is denoted by C(M) and [n] = {1, 2, ...n}. Let Ck = {u1, u2...ul, t1, t2.. .tm}
for some integers k, l andm, be a circuit in C(M) where ui ∈ E\T and tj ∈ T for
i ∈ [l] and j ∈ [m]. Then, there are non zero constants ak1 , a
k
2 ...a
k
l and b
k
1 , b
k
2 , ...b
k
m
in GF (p) such that
∑i=l
i=1 a
k
i ui +
∑j=m
j=1 b
k
j tj = 0. A circuit Ck of M is called
PT -circuit if
∑j=m
j=1 b
k
j ≡ 0(mod p) and NPT -circuit if
∑j=m
j=1 b
k
j 6≡ 0(mod p).
The Lemma 2.1 characterizes the circuits of the α-element splitting matroid
M ′T , using Definition 1.3.
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Lemma 2.1. Let M be a p-matroid on a ground set E and T ⊆ E. Then
C(M ′T ) = C0∪ C1∪ C2 where
C0 = {C ∈ C(M) | C is a PT -circuit };
C1 = The set of minimal members of {C1 ∪ C2.... ∪ Ck | Ci is a NPT -circuit
of M , Ci ∩Cj = φ for i 6= j,
∑i=k
i=1
∑j=mi
j=1 b
i
j ≡ 0(mod p) and contains no
member of C0}; and
C2 = {C ∪ a | C ∈ C (M) is a NPT -circuit }.
Proof. From Definition 1.3 it is clear that every element of C0∪ C1∪ C2 is a
circuit of M ′T . Conversely, let C ∈ C(M
′
T ). Case i) a 6∈ C: If C ∩ T = φ then
C ∈ C0. Suppose C ∩ T 6= φ then the set of column vectors of the matrix
A corresponding to the elements of C is a minimal dependent set or a disjoint
union of two or more minimal dependent sets each having non empty intersection
with T . Thus, either C ∈ C0 or C ∈ C1. Case ii) a ∈ C: Then, (C \ a) is a
NPT -circuit of M .
Lemma 2.2. Let M ∼= M [A] be a matroid representable over GF (p) with ground
set E and T ⊆ E. Then, I(M ′T ) = I0∪ I1∪ I2 where
I 0 = {I | I ∈ I (M)};
I1 = {I ∪C1 ∪C2....∪Ck | I ∈ I0, Ci is a NPT -circuit of M , Ci ∩Cj = φ for
i 6= j,
∑i=k
i=1
∑j=mi
j=1 b
i
j 6≡ 0(mod p) and contains no member of C 0}; and
I 2 = {I ∪ a | I ∈ I (M)}.
Proof. It is clear that every member of I0∪ I1∪ I2 is independent in M
′
T . Let
Y be an independent subset of E(M ′T ). Case i) a 6∈ Y : Note that Y does not
contain a PT -circuit of M . If Y does not contain any circuit of M then Y ∈
I0. Suppose, Y contains k disjoint NPT -circuits C1, C2, ...., Ck of M for some
integer k. Then,
∑i=k
i=1
∑j=mi
j=1 b
i
j 6≡ 0(mod p). Otherwise; (C1∪C2....∪Ck) ⊂ Y
will be a dependent subset of E(M ′T ), a contradiction. Therefore, Y ∈ I1. Case
ii) a ∈ Y : Then, (Y \ a) ∈ I (M). This completes the proof.
Lemma 2.3. Let M be a p-matroid on a set E, T ⊆ E(M) and contains a
NPT -circuit. Then, BT is a base of M
′
T if and only if BT = B ∪ {a} or
BT = B ∪ {x} where B is a basis of M , for x ∈ (E \ B) and there is unique
NPT -circuit Cx of M containing x.
Proof. Let B be a basis ofM and BT = B∪{a} then clearly BT is a basis ofM
′
T .
Further, let B be a basis of M and for x ∈ (E \B) there is unique NPT -circuit
Cx of M contained in B ∪ {x}. Then, by Lemma 2.1, B ∪ {x} does not contain
any circuit of M ′T . Thus, B ∪{x} is independent and |B ∪{x}| = rank(M)+ 1.
We conclude that B ∪ {x} is a basis of M ′T .
Conversely, suppose that BT is a basis of M
′
T and a 6∈ BT . If BT is an
independent subset of M then by Remark 1.4, r(M) = r′(M ′T ) and BT is a
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basis of M . But then, M ∼= MT and by Lemma 2.1 every circuit C ∈ C(M),
is a PT -circuit. Which is a contradiction to the fact that there is a NPT -
circuit C ∈ C(M). Therefore, BT is a dependent subset of M . By Remark
1.4, |BT | = rank(M) + 1 and there is a basis B of M such that B ⊂ BT . Let
x ∈ (BT \B) then BT = B ∪{x} and there is unique circuit Cx of M contained
in BT . Applying Lemma 2.1, we conclude that Cx is a NPT -circuit. On the
other hand if a ∈ BT then BT \ a is a basis of M .
Corollary 2.4. The set of bases of M ′T is;
B (M ′T ) = {B ∪ {x}|B ∈ B (M), x = a or x ∈ (E \ B) and C(x,B) is a
NPT -circuit of M}.
Lemma 2.5, characterizes the rank function of the matroid M ′T in terms of
the rank function of the matroid M .
Lemma 2.5. Let r and r′ be the rank functions of the matroids M and M ′T ,
respectively. Suppose X ⊆ E(M). Then, r′(X ∪ a) = r(X) + 1 and
r′(X) = r(X) + 1 if X contains a NPT -circuit of M ; and (2.1)
= r(X) if X contains no NPT -circuit of M . (2.2)
Thus, r′(M ′T ) = r(M) + 1.
Corollary 2.6. The set of hyperplanes of M ′T is H(M
′
T ) =H0∪H1. Where
(1) H0 = {B ∪ {a1, a2, ....an}|B ∈ B (M), ai ∈ (E \ B), C(ai, B) is a PT -
circuit of M for each i ∈ [n] and B∪{a1, a2, ....an}∪ e contains no NPT -
circuit of M}.
(2) H1 = {B
′ ∪ a ∪ {a1, a2, ....an}|B
′ = (B \ x), x ∈ B,B ∈ B, (M), ai ∈
(E \ B), C(ai, B
′) is a PT -circuit of M for each i ∈ [n] and B′ ∪ a ∪
{a1, a2, ....an} ∪ e contains no NPT -circuit of M}.
3 Connectivity of α-Splitting Matroids
The concept of n-connection for matroids was introduced by W. T. Tutte based
upon the corresponding idea for graphs (see [14] and [16]). Lemma 3.1 (see
Oxley [8]) provides a necessary condition for a matroid to be n-connected.
Lemma 3.1. If M is a n-connected matroid and |E(M)| ≥ 2(n − 1) then all
circuits and all cocircuits of M have at least n elements.
Following results investigate the effect of α-element splitting operation on
connectivity of p-matroids.
Lemma 3.2. Let M be a p-matroid on a set E having at least 2n− 1 elements
and let T be a k ≤ n− 1 element subset of E. Then, M ′T is k + 1-separable.
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Proof. Let X = T ∪ a and Y = E − X . Then, r′(X) ≤ k + 1 and r′(Y ) =
r(Y ) ≤ r(M). Thus, min{|X |, |Y |} ≥ k + 1 and r′(X) + r′(Y ) − r′(M ′T ) ≤
k+1+ r(M)− (r(M)+ 1) = k. We conclude that (X,Y ) is a (k+1)-separation
of M ′T
Lemma 3.3. Let M be a co-loop less p-matroid on a set E with n components
X1, X2, ....Xn where (n ≥ p). Let T = {x1, x2, ...xn} where xi ∈ Xi for 1 ≤ i ≤
n be an n element subset of E. Then, M ′T is a connected matroid on E if and
only if for every pair of NPT -circuits, Ci ⊆ Xi and Cj ⊆ Xj where i 6= j, there
is a circuit in M ′T containing both.
Proof. Let X1 = (E1, C1), X2 = (E2, C2)...Xn = (En, Cn) such that Ei∩Ej = φ
for i 6= j and ∪ni=1Ei = E. Then, the set of circuits of M
′
T is C(M
′
T ) = ∪
n
i=1Ai∪
An+1∪ Bi where
Ai = {C ∈ C(Xi) | xi /∈ C };
An+1 = The set of minimal members of {C1 ∪ C2.... ∪ Ck | Ci ∈ C(Xi) is a
NPT -circuit of M , Ci∩Cj = φ for i 6= j,
∑i=k
i=1
∑j=mi
j=1 b
i
j ≡ 0(mod p) and
contains no member of C0}; and
Bi = {C ∪ a | C ∈ C(Xi) is a NPT -circuit }.
It is enough to show that for every pair of elements {p, q} in M ′T there is a
circuit of M ′T containing {p, q}. Case i) : If p, q ∈ Xi for some i ∈ {1, 2, 3..n}
then there is a circuit Ci ∈ C(Xi) containing {p, q}. If Ci ∩ T = φ then Ci ∈ C
(M ′T ). Suppose, Ci ∩ T 6= φ and xi ∈ Ci then there is a circuit C ∈ An+1 such
that Ci ⊂ C.
Case ii) : Now if p ∈ Xi and q ∈ Xj for some i, j ∈ {1, 2, 3...n}, there is Ci ∈
C(Xi) containing {p, xi} and Cj ∈ C(Xj) containing {xj , q}. Further, there is a
circuit C ∈ An+1 of M
′
T containing {xi, xj} and Ci, Cj ⊂ C.
Case iii) : If p = a and q ∈ Xi for some i ∈ [n] then there is a NPT -circuit
C of M containing xi ∈ Xi and q. Consequently, (C ∪ a) ∈ Bi is a circuit of
M ′T containing p and q.
Remark 3.4. Let M be an n-connected p-matroid. If |T | < n− 1 then T ∪ a
will be a cocircuit of M ′T of size less than n. So, by Lemma 3.1, M
′
T is not
n-connected.
Lemma 3.5. Let M be a n-connected p-matroid where n ≥ 2 and let T ⊆ E(M)
such that |T | ≥ n− 1. Then, M ′T is an n-connected p-matroid.
Proof. If |E(M)| < 2n − 1, then M ′T has infinite Tutte connectivity, hence
we may assume that |E(M)| ≥ 2n − 1. It is enough to show that for every
k < n, M ′T has no k-separation. Contrary, suppose (X,Y ) be a k-separation
of M ′T . Therefore, r
′(X) + r′(Y ) − r′(M ′T ) ≤ k − 1 where |X |, |Y | ≥ k. Then,
r(X \ a) + r(Y ) − (r(M) + 1) < r′(X) + r′(Y ) − r′(M ′T ) ≤ k − 1. It gives a
(k)-separation of M , a contradiction. We conclude that M ′T is a n-connected
matroid.
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Following two results follows from Lemma 3.5. The first was proved by
Shikare [12] for n-connected binary matroids.
Corollary 3.6. Let M be a n-connected binary matroid with |E(M)| ≥ 2n− 1
and let T = {x, y} be a set of distinct elements of M . Then, M ′T is connected
binary matroid.
Corollary 3.7. Let M be a n-connected binary matroid where n ≥ 2 and let
T ⊆ E(M) such that |T | ≥ n− 1. Then, M ′T is an n-connected binary matroid.
4 Applications
A matroid M is said to be Eulerian if its ground set E can be expressed as
union of disjoint circuits (see Welsh [17]).
Proposition 4.1. A p-matroid M is Eulerian if and only if there is a set of
non zero constants a1, a2...an in GF (p) such that a linear combination of column
vectors u1, u2...un of the matrix that represent M over GF (p) is zero. That is
a1u1 + a2u2 + ...+ anun = 0.
In the light of Proposition 4.1, we get the following characterization.
Theorem 4.2. M ′T is Eulerian if and only if M is an Eulerian p-matroid on
a set E, T ⊆ E and for any partition E = C1 ∪ C2.... ∪ Ck of E in to circuits
of M ,
∑i=k
i=1
∑j=mi
j=1 b
i
j 6= 0(mod p).
Proof. M be an Eulerian p-matroid on a set E and T ⊆ E. Then, there is a
set of non zero constants a1, a2...an in GF (p) such that a linear combination of
column vectors u1, u2...un of the matrix that represent M over GF (p) is zero.
That is a1u1+a2u2+ ...+anun = 0. Let E = C1∪C2....∪Ck be any partition of
E in to circuits ofM and
∑i=k
i=1
∑j=mi
j=1 b
i
j ≡ b(mod p) where b 6≡ 0(modp). Then,
linear combination of column vectors u1, u2...un, a of the matrix that represent
M ′T over GF (p) is zero, That is a1u1+a2u2+ ...+anun+(p−b)a = 0. Thus,M
′
T
is an Eulerian matroid. Conversely, ifM ′T is an Eulerian matroid then there is a
set of non zero constants a1, a2...an, c in GF (p) such that a linear combination
of column vectors u1, u2...un, a of the matrix that represent M
′
T over GF (p) is
zero. That is a1u1+a2u2+...+anun+ca = 0. Then, a1u1+a2u2+...+anun = 0
is a linear combination of column vectors u1, u2...un of the matrix that represent
M over GF (p). We conclude that M is an Eulerian Matroid. This completes
the proof.
Corollary 4.3. M ′T is Eulerian binary matroid if and only if M is an Eulerian
binary matroid on a set E, T ⊆ E and |T | = odd.
A matroidM is said to be bipartite if every circuit of it is of even cardinality.
Note that if C is a NPT -circuit of M containing even number of elements then
C ∪ a is a circuit of M ′T containing odd number of elements. Applying Lemma
2.1 to p-maroids we get the following result.
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Theorem 4.4. Let M be a p-matroid on a set E and T ⊆ E. Then, M ′T is
bipartite if M is a bipartite p-matroid containing no NPT -circuit.
Corollary 4.5. Let M be a binary matroid on a set E(M) and T ⊆ E(M).
Then, M ′T is bipartite if M is a bipartite binary matroid containing no NPT -
circuit.
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